The problem of ths dynamic buckling of sinusoidal elastic :
shallow arches has been studied by 1Hoff and Bruce ( I] 4 and by
Simitses [2) with analyses based upon the behavior of the trajectories describing the motion on the potential surface. Since small geometric imperfections, or small disturbing loads or initial velocities, affect the shape of the potential surface only to the second order in small quantities, it is possible to include the effects of such perturbations by an analysis based upon the potential surface for the perfect structure.
This analysis for the arch shows that, if the arch is not very flat, the critical load of a perfect arch having the shape of sin x will be associated with an asymmetric buckling mode shape sin Zx. This critical load is obtained from the condition that it is possible for -1 trajectory Numbers in brackets designate references at the end of the paper.
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to reach a saddle point on the potential surface. The critical load is that load for which the potential energy at the saddle point becomes equal to the total energy. 4
Several reasonabil ubjecuons have been raised to this potential surface method of analysis. One objection is that the method is limited to problems with a small number of degrees of freedom.
The arguments used in the potential surface method are essentially geometric, and it is much more difficult to deal with the hypersurfaces that are encountered if more than two degrees of freedom are considered. We will not attempt in this paper to generalize this method of analysis but will, in fact,confine our discussion to a specific system with two degrees of freedom where the method has already proven lea s ible.
I)
Another objection, and the one to which the major attention of this paper will be devoted, is that the saddle point criteria does not "If Q has this value one can say that it is possib7e for the initially r -iiv disturbed system to be displaced to the stable 'buckled' equilibrium configuration, (0, e z ), if it follows the appropriate path on the energy surface. " We have underlined the words possible and if. The significance of these words is amplified in the work done in [23, where the Hoff and Bruce critical load is not regarded as a rigorous critical load but as a lower bound or minimum pc'ssible critical load for dynamic snap-through of the arch.
The question then arises: if the saddle point critical load is a lower bound on the true critical load, how good an approximation to the critical load is it? To investigate this question, it is necessary to integrate the governing differential equations, to look for the miniraurn load at which the solution exhibits snap-through, and to compare this minimum load with the predictions of the potential surface analysis.
In carrying out this program, we cannot confine ourselves to perfect arches of sinusoidal shape. Indeed, it is readily seen that if the differential equations and subsidiary conditions are symmetric, then the solutions obtained will be symmetric, and the trajectories of these solutions could never approach a saddle point that is associated with an unsymmetrical mode. It is necessary then to consider imperfections or, at the least, to consider the limiting behavior of an imperfect arch as the amplitude of the imperfections tends towards zero. A more elaborate analysis [2) has already indicated that second harmonic (or 3 4 -first antisymmetric) imperfections will have the greatest effect on the critical load and so, in the present paper, only the first and second harmonics are considered to describe the initial shape and subsequen.;
deformaticn of the arch.
Viscoelasticity is introduced here because it is a more realistic material description for dynamic problems than the assumption of ideal elasticity, and also because it often makes the analysis less ambiguous, as is illustrated by our study of dynamic buckling of a single degree-of-freedom structure [3] . Perhaps more important, however, is that we want to see whether the critical loads obtained for the viscoelastic material in the limit as the viscosity parameter tends to zero are the same as the critical loads obtained under the same conditions for the elastic material in which the viscosity is equal to zero.
In the case of imperfections we already know that the limit of the critical load for vanishing imperfections may not be equal to the critical load for zero imperfections. We then may have a jump between the limiting value and the value at zero. We want to see whether such a jump is exhibited also with respect to the viscosity parameter.
We will also present, in addition to the investigations already described, results on the effects of finite imperfections and finite viscosity on the critical load. In this paper, we will discuss all these questions only with regard to the following problem: the
arch is considered hinged at both ends; the loading is sinusoidal in shape, and is of constant magnitude and infinite duration in time; the material of the arch is considered to be a Voigt solid.
BASIC EQUATIONS
Consider a shallow arch of span L, as shown in Fig. 1 .
The cross section of the arch is assumed to be uniform along the span, 
For shallow arches, the shortening of the length of the arch during deformation can be written approximately as and the horizontal thrust H can be expressed approximately as a constant, viz.
From Eqs. (4), (5) and (6), we then obtain
For an arch with both ends hinged, the deflection and the bending moments at the ends must vanish. The boundary conditions are:
and
These conditions are satisfied termwise if we put 
Substituting Eqs. (10), (11) and (12) into Eq. (7), we obtain
for n= 1, 2,... 
We can, without restricting the essential problem, consider Y, > 0, z -0 and r -0.
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The critical points of Eqs. (17) and (18) Note that the datum of the potential surface U has been chosen so that the initial value of U is zero. Equations (20) and (21) defining the critical points of Eqs. (17) and (18) with decreasing amplitudes because of continuous energy dissipation. 5 When the load parameter r passes through a critical values r there c occurs a sudden diversion of these curves from the neighborhood of one equilibrium point to the neighborhood of the other.
For problems described by a single variable, the analysis of dynamic snap-through is facilitated by the use of potential curves.
SWhen the value of x is very small, the structure may snap back after the snap-through (see [3) ).
s In order to be able to distinguish the critical load values obtained by numerical integration of the differential equations as opposed to closed-form expressions for r obtained for particular cases by use of the potential surface, we will adopt the convention of identifying the latter by special subscripts (e. g. rcp, rcm, r rg, r..), and we will reserve the notation r for the former. A certain amount of energy is dissipated before the structure reaches the point of snap-through. Hence, the critical load for the viscoelastic case is higher than that in the corresponding elastic case. In the viscoelastic case, there is also a lower limit for y such that, for any value of y less than this lower limit, Consider first that Yo is some fixed number and that z tends to zero. In the limit as z tends to zero, z either 0o e approaches zero or approaches a nonzero limit value. from zero onlyif y > 2.
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Equations (36a, b) can be combined to give z 3ye + yo -r)4y2 =0
If the limit of z as z tends to zero is not zero, this 
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. i Moreover, the curious behavior exhibited in Table 2 Quasi-static snap-through for this problem is summarized in Table 3 . It may be inferred from these results that the appearance !P of the cross sections of the potential surface close to the y-axis is that The introduction of an "infinitesimal" imperfection causes a jump or discontinuous drop in r: r (0+, x) < r (0, x) for x -0. Larger imperfections lower r continuously (Fig. 8),  c b) The critical loads r (0+, 0) were found to be close to c but slightly above the Hoff and Bruce value (Eq. (43)) for the elastic arch (see Table I and Fig. 6 ).
c) The critical loads r (0+, 0+) were found to be between (1) in the elastic case, Lock finds that the dynamic buckling j load rc has a discontinuous jump at yo = 4.375. For y > 4.375, the value of r can be higher than the quasi-static buckling load r This behavior is not seen in the present case for yo f-4.5S. cg (2) In the case of small damping, Lock finds that the buckling load for y Z 4.0 is essentially the quasi-static buckling load. The
0I
same result is also observed in our calculation (see Fig. 6 ). 
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